Abstract. We propose a method to obtain iterative schemes guarantee unique solutions for systems of partial differential equations that are not symmetric with respect to the time by generalizing He's variational iteration method and using Banach's fixed point theorem. Then, iterative schemes for systems of incompressible fluid flow and incompressible micropolar fluid flow will be created by applying the generalized He's variational iteration method.
Introduction
Variational iteration method (VIM) was proposed and used to solve many kinds of PDEs by He [7 − 16] . Its advantage is to provide a faster successive approximation of the (exact or numerical) solution comparing with Adomian's decomposition method [23, 1, 2] and it does not depend on small parameters comparing with perturbation methods. Moreover, it was used to solve the systems of PDEs which are symmetric with respect to the time [24] . In this article, we try to study asymmetric systems of PDEs with respect to the time; in other words, systems of PDEs for unknowns u k , k = 1, · · · , m and unknowns p k , k = 1, · · · , m, such that every PDE k has the Laplacian operator △u k and the operator ∇p k for k = 1, · · · , m, and they are symmetric for u k , k = 1, · · · , m and not symmetric for p k , k = 1, · · · , m with respect to the time. Our way is to reform the system of PDEs and normalize every Laplacian operator △u k in every PDE k for k = 1, · · · , m to make the system symmetric with respect to the location x = (x 1 , · · · , x d ) and then we multiply every PDE k by the operator ∇ and the unit outer normal n to ∂Ω to create a second system such that every PDE k has the Laplcian operator △p k for unknowns p k , k = 1, · · · , m, and it is symmetric with respect to the location x = (x 1 , · · · , x d ) as well. Hence, we can apply the VIM to both systems together in any x l −direction we like, for l = 1, · · · , d, to get iterative schemes guarantee unique solutions u k , p k , k = 1, · · · , m using Banach's fixed point theorem. This method can be applied for systems of incompressible fluid flow (Navier-Stokes equations) and incompersible micropolar fluid flow (Navier-Stokes equations and microrotational velocity equations). So, the outline of the paper is as follows: in section 2, we generalize He's variational iteration method to the asymmetric systems of PDEs with respect to the time. Then, we apply our technique to the systems of incompressible fluid flow in section 3, and incompersibble micropolar fluid flow in section 4. with initial data u k (x, 0) = u k,0 (x), k = 1, · · · , m, where L t is a first-order partial differential operator, R k and N k , k = 1, · · · , m, are linear and nonlinear operators respectively, and
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are source terms. Since the Laplacian terms △u k are in linear operators R k , k = 1, · · · , m, we can normalize thier coefficients and reform the system (2.1) to
To create a system of partial differential equations symmetric in p k ; k = 1, · · · , m, with respect to x, we take the operator ∇ and the unit outer normal n to ∂Ω on both sides of every equations in (2.1), to get
Then, for k = 1, · · · , m, the correctional functionals for the system (2.2) and for the system (2.3) in any
. By the variational theory and via integration by parts, the Lagrange multipliers λ k,l , µ k , k = 1, · · · , m; l = 1, · · · , d can be identified. To obtain unique solution of above iterative scheme, we consider the operators
and use Banach's fixed point theorem which state: if X is a Banach space and A : X → X is a nonlinear mapping satisfying
for γ ∈ [0, 1), then A has a unique fixed point [5] . So, the sufficient condition to approximate the iteravtive scheme obtained by the generalized He's variational iteration method is strictly contraction of U k,l,n , P k,n , n ≥ 0, k = 1, · · · , m; l = 1, · · · , d in Banach spaces and the sequences in (2.4) converges to the fixed points of U k,l,n , P k,n , n ≥ 0, k = 1, · · · , m; l = 1, · · · , d respectively, which are the solutions, u k,l = lim
, of the system (2.1).
3 Variational iteration method for the system of incompressible fluid flow
In this section, we apply our technique of generalized He's variational iteration method to create an iterative scheme that can guarantee existence of unique solution for the system of incompressible fluid flow which is modeled by Navier-Stokes Equations, see [21, 22, 3, 20, 17] : given f, g and time T > 0, to find
in Ω.
where u is the velocity field, p is the pressure field, v(> 0) is the coefficient of kinematical viscosity and f is the body force, we normalize (3.1 1 ) by divide both sides on −v to reform the system to
Since the unknowns u, p do not appear in (3.1) in a symmetric way, because the pressure plays the role of reaction force associated with the isochoricity constraint ∇.u = 0, see [5] , we take ∇ on both sides of (3.1 1 ) to get the field p as a solution of the following Neumann problem
where n is the unit outer normal to ∂Ω. (3.2 1 ) and (3.3 1 ) can be expanded in components to the following:
Then, the correctional functionals for above equations in x 1 − direction are
Making the above correctional functionals stationary,
yields the following stationary conditions: for i = 1, 2, 3, that
Then, for i = 1, 2, 3, the Lagrange multipliers are λ i = 1 and µ = 1; and the desired iterative scheme is
4 Variational iteration method for the system of incompressible micropolar fluid flow
Another application of the generalized He's variational iteration method is to create an iterative scheme that can guarantee existence of unique solution for the system of incompressible micropolar fluid flow which is modeled by Navier-Stokes equations and microrotational velocity equations, see [4, 18, 19] : given f 1 , f 2 , g, q and time
in Ω. where 
Since the unknowns u, w, p do not appear in symmetric way in (4.1 1 ), the field p can be obtained by taking ∇ on both sides of (4.1 1 ) as a solution of the following Neumann problem
where n is the unit outer normal to ∂Ω. (4.2 1 ) and (4.3 1 ) can be expanded in components to the following: Then, the correctional functionals for above equations in x 1 −direction are
∂t
yields the following stationary conditions: for i = 1, · · · , 6, that
Then, for i = 1, · · · , 6, the Lagrange multipliers are λ i = 1 and µ = 1; and the desired iterative scheme is
3,n (X 1 , x 2 , x 3 , t) ∂x 2 ∂x 3 +ũ 1,n (X 1 , x 2 , x 3 , t) ∂w 2,n (X 1 , x 2 , x 3 , t) ∂X 1 +ũ 2,n (X 1 , x 2 , x 3 , t) ∂w 2,n (X 1 , x 2 , x 3 , t) ∂x 2 +ũ 3,n (X 1 , x 2 , x 3 , t) ∂w 2,n (X 1 , x 2 , x 3 , t) ∂x 3 + 4v rw2,n (X 1 , x 2 , x 3 , t))
2v r ∂ũ 1,n (X 1 , x 2 , x 3 , t) ∂x 3 − ∂ũ 3,n (X 1 , x 2 , x 3 , t) ∂X 1 + f 2,2 (X 1 , x 2 , x 3 , t) dX 1 , w 3,n+1 (x 1 , x 2 , x 3 , t) = w 3,n (x 1 , x 2 , x 3 , t) + − f 1,1 (X 1 , x 2 , x 3 , t) + ∂ ∂x 2 ũ 1,n (X 1 , x 2 , x 3 , t) ∂ũ 2,n (X 1 , x 2 , x 3 , t) ∂X 1 +ũ 2,n (X 1 , x 2 , x 3 , t) ∂ũ 2,n (X 1 , x 2 , x 3 , t) ∂x 2 +ũ 3,n (X 1 , x 2 , x 3 , t) ∂ũ 2,n (X 1 , x 2 , x 3 , t) ∂x 3 − 2v r ∂w 1,n (X 1 , x 2 , x 3 , τ ) ∂x 3 − ∂w 3,n (X 1 , x 2 , x 3 , τ ) ∂x 1 − f 1,2 (X 1 , x 2 , x 3 , t) + ∂ ∂x 3 ũ 1,n (X 1 , x 2 , x 3 , t) ∂ũ 3,n (X 1 , x 2 , x 3 , t) ∂X 1 +ũ 2,n (X 1 , x 2 , x 3 , t) ∂ũ 3,n (X 1 , x 2 , x 3 , t) ∂x 2 +ũ 3,n (X 1 , x 2 , x 3 , t) ∂ũ 3,n (X 1 , x 2 , x 3 , t) ∂x 3 − 2v r ∂w 2,n (x, τ ) ∂x 1 − ∂w 1,n (x, τ ) ∂x 2
− f 1,3 (X 1 , x 2 , x 3 , t) dX 1 .
Conclusion
He's variational iteration method is generalized to create an iterative scheme that gurantee a unique solution for asymmetric systems of PDEs with respect to the time. Systems of incompressible fluid flow and incompressible micropolar fluid flow can be solved uniquely by applying the generalized He's variational iteration method to create a desired iterative scheme for them.
